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Comment on “Anomalous Spreading of Power-
Law Quantum Wave Packets”
Anomalous spreading of free wave packets with power-
law tails was reported in a recent Letter by Lillo and
Mantegna [1]. The authors consider positive even wave
functions ψ(x) decreasing with x as ψ(x) ∼ |x|−α (α >
1/2), and analyze the asymptotic time evolution through
the stationary phase approximation. They conclude that,
for α > 1 the well known upper bound t−1/2 for the de-
cay of Gaussian and finite extension packets still stands,
while for 1/2 < α < 1 the decay follows the t−α/2 law.
However, they do not give a correct answer for the case
α = 1. As an illustrative example they work out the
special family of wave functions
ψ(x) = N (x2 + γ2)−α/2, (1)
whereN is a normalization constant and γ a real parame-
ter. This family naturally emerges, in fact, in anomalous
diffusion [2].
We point out that their main result, i.e., the anoma-
lous decay of wave functions with |x|−α tails was derived
before in Ref. [3] where a wave function similar to (1)
was used as prototype.
A result for general functions decaying as |x|−1 is not
provided in [1]. However, the authors state that, in the
special case described by Eq. (1) and α = 1, the maxi-
mum of the packet decreases as 1/
√
t, an assertion which
is not correct.
We want to show that there is an extremely direct way
to obtain the exact decay of packets given by Eq. (1).
In particular, it is shown that α = 1 leads to a ln(t)/
√
t
decay, as already pointed out in [4]. As it is well known,
the time evolution of a free wave packet in one dimension
can be described by [5]
ψ(x, t) =
1√
2pii h¯t/M
∫
∞
−∞
e
iM(x−x′)2
2h¯t ψ(x′, 0) dx′, (2)
where M is the mass of the particle. Following Ref. [1],
we concentrate our attention in the behavior of the max-
imum of the wave packet (at x = 0). Then, we realize
that the integral in Eq. (2) when ψ(x, 0) is given by Eq.
(1) can be evaluated directly by using the following in-
tegral representation of the Kummer function, U(ν, µ, z)
[6], with ν = 12 and µ =
3−α
2 ,
U(12 ,
3−α
2 , z) =
1√
pi
∫
∞
0
e−zss−1/2(1 + s)−α/2ds. (3)
Hence, ψ(0, t) can be obtained straightforwardly from
Eq. (3) after the change of variables s = (x′/γ)2 to-
gether with the identification z = γ2M/[2ih¯t]. In this
way we get
ψ(0, t) =
Nγ1−α√
2ih¯t/M
U(12 ,
3−α
2 , γ
2M/[2ih¯t]). (4)
In order to obtain the asymptotic time behavior of
ψ(0, t), we employ the following limiting forms of the
Kummer function for small |z| [7]
U(12 ,
3−α
2 , z) ≃


1√
pi
Γ(1−α2 ) z
(α−1)/2 (1/2<α<1),
− 1√
pi
ln(z) (α=1),
Γ(α−12 )/Γ(
α
2 ) (1<α).
(5)
Finally, replacing these asymptotic expressions in Eq. (4)
we get for large t
|ψ(0, t)| ∼


t−α/2 (1/2<α<1),
ln(t) t−1/2 (α=1),
t−1/2 (1<α).
(6)
So, the ln(t)/
√
t law is expected to be the general one
governing the asymptotic evolution of packets decaying
as |x|−1 since tails and not other details of the packet
shape seem to rule the asymptotic behavior.
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